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ABSTRACT

We show that any homomorphism from the homeomorphism group of
a compact 2-manifold, with the compact-open topology, or equivalently,
with the topology of uniform convergence, into a separable topological
group is automatically continuous.

1. Introduction

A number of results have surfaced in recent years that intimately connect topolo-
gies on transformation groups with the underlying group structure. Of course,
many classical mathematical results, variously formulated as rigidity or re-
construction results, can be viewed in this way. Namely, as saying that if G
is the group of transformations of some mathematical object K, then K can
be completely recovered within its category from G as an abstract group, and
hence any natural transformation group topology on G is also given by the ab-
stract group G. Related to this are results saying that any automorphism of G
is inner and hence given by a transformation of K.

However, recently there have been indications that certain topological groups
might not only be determined by the underlying abstract group, but, in fact,
that the topology is also preserved under homomorphisms. Some indications of
this come from the so-called small index property for separable, complete
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metric groups saying that a subgroup of index < 280 is open. This implies that
any homomorphism into the group S, of all permutations of N is continuous,
when the latter has been equipped with the topology of pointwise convergence
on the discrete set N. This follows from the fact that the topology of S is
generated by its open subgroups. The small index property has now been proved
for a great number of closed subgroups of S, itself (perhaps the most general
result is due to Hodges, Hodkinson, Lascar, and Shelah [HHLS93]), but it also
holds for certain groups that are not topologically isomorphic to subgroups of
Swo, €.g., Homeo(S1) [RoSo07].

Nevertheless, these results put rather heavy restrictions on the target groups,
namely, their topology has to be given by the open subgroups. This condition
was removed by Kechris and the author in [KeRo07], in which it was shown
that for many closed subgroups of S, one has a completely general result of
automatic continuity, namely, that any homomorphism from one of these
groups into a separable topological group is continuous. This line of research
was continued by Solecki and the author in [RoS007] in which this property was
verified for many other groups including Homeo(S!). Thus, one could hope for
this to be true for a general class of homeomorphism groups of manifolds, and
we shall provide the first step here by considering manifolds of dimension 2.

Automatic continuity turns out to have connections with other dynamical
properties of groups and, for example, has provided the only known examples
of discrete groups with the so-called fixed point on metric compacta property,
i.e., discrete groups all of whose actions on compact metric spaces have a fixed
point. We shall not develop any of these relations here, but only refer the reader
to [RoSo07] for more on this.

It is well-known and easy to see that for any compact metric space (X, d), its
group of homeomorphisms is a separable complete metric group when equipped
with the topology of uniform convergence, or equivalently, with the compact
open topology. In fact, a compatible right-invariant metric on Homeo(X, d) is
given by doo (g, f)=sup,cx d(g(z), f(z)), and a complete metric by d. (g, f)=
doo(g, f)+dso(g7, f71). We denote by B(z, €) the open ball of radius € around
x and by B(x, ¢) the corresponding closed ball.

If ¢ € Homeo(X,d), supp®(g) = {x € X : g(x) # a} and supp(g) is its
closure, which is called the support of g.

We intend to show here that in the case of compact 2-manifolds, this group
topology is intrinsically given by the underlying discrete or abstract group, in
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the sense that any homomorphism 7 from this group into a separable group is

continuous.

THEOREM 1.1: Let M be a compact 2-manifold and = : Homeo(M) — H a
homomorphism into a separable group. Then w is automatically continuous
when Homeo(M) is equipped with the compact-open topology.

Let us first note the following fact, which follows easily from known results
and helps to clearify the situation.

PROPOSITION 1.2: Suppose G is a topological group. Then the following con-
ditions are equivalent.

(1) Any homomorphism 7 : G — Homeo([0, 1]Y) is continuous;
(2) any homomorphism 7 : G — H into a separable group is continuous.

Proof. As [0, 1]N is a compact metric space, its homeomorphism group is a
(completely metrisable) separable group in the compact-open topology, so (1)
is a special case of (2).

For the other implication, suppose that (1) holds and let H be separable.
Let N be the closed normal subgroup of H consisting of all elements that
cannot be separated from the identity by an open set. Let H/N be the quotient
topological group, which is Hausdorff and separable, and, in particular, any non-
empty open set covers the group by countably many translates. However, it is
an old result (see I.I. Guran [Gu81]) that for Hausdorff groups this condition is
equivalent to being topologically isomorphic to a subgroup of a direct product
of separable metric groups, or equivalently, second countable Hausdorff groups
(by the Birkhoff-Kakutani metrisation Theorem). Also, a result of Uspenskii
[Us86] states that any separable metric group is topologically isomorphic to a
subgroup of Homeo([0,1]V), and we can therefore see H/N as a subgroup of
some power of Homeo([0, 1]V). Thus, as a mapping into the Tikhonov product
is continuous if and only if the composition with each coordinate projection is
continuous, m composed with the quotient mapping is continuous, and hence by
the choice of N, 7 is also continuous. |

However, we shall not make use of this result, but rather simplify matters
by using arbitrary subsets of the group satisfying a certain algebraic largeness
condition (instead of working with arbitrary homomorphisms). Let G be a group
and W C G be a symmetric set. We say that W is countably syndetic if
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there are countably many left-translates of W whose union cover G. Moreover,
if G is a topological group, we say that GG is Steinhaus if for some k£ > 1 and
all symmetric, countably syndetic W C G, Int(WX) # 0. It is not hard to prove
(see, e.g., [RoS007]) that Steinhaus groups satisfy the equivalent conditions of
Proposition 1.2, and this is the condition that we will verify. Note, however, the
order of quantification; the k is universal for all symmetric, countably syndetic
W. Indeed, the group Homeo, (S') equipped with the trivial topology 7 =
{0, Homeo, (S)} satisfies the condition when we have reversed the quantifiers,
but the identity homomorphism into itself equipped with the compact-open
topology is obviously discontinuous.

It is instructive to note from which groups one can construct discontinuous
homeomorphisms. Of course, the first case that comes to mind is (R, +), on
which one can with the help of a Hamel basis, i.e., a basis for R as a Q-vector
space, construct discontinuous automorphisms, and, in fact, construct group
isomorphisms between R and R2. Also if G = [L, Fn, where the F,, are finite
non-trivial groups, satisfies automatic continuity, then |F,,| — oco. For other-
wise, there is some infinite set A C N such that F,, = F},, for alln,m € A. Let U
be a non-principal ultrafilter on A andset H = {g € G | {n€ A | g, =1} e U}.
Then H is a non-open subgroup of G of finite index and hence G has a discon-
tinuous homomorphism into a finite group.

We finish this introduction by mentioning a few of the most interesting ques-

tions concerning automatic continuity.

QUESTION 1.3: (1) Is there a compact metrisable group satisfying auto-

matic continuity, i.e., satisfying the equivalent conditions of Proposition
1.27

(2) What about a locally compact second countable group?

(3) Does the unitary group of separable infinite-dimensional Hilbert space
U (¢2) satisfy automatic continuity?

(4) Is Theorem 1.1 true for an arbitrary compact manifold M?

(5) What about compact triangulable manifolds?

Questions (1) and (2) would be a way of producing discrete groups acting
faithfully on separable metric spaces, but such that all of their actions have
compact, respectively, o-compact orbits. This would be a strenthening in the
separable case of the so called Bergman or strong boundedness property
of a group, saying that any isometric action on a (not necessarily separable)
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metric space has bounded orbits. This property is known to hold for a large
class of groups, e.g., So [Be06], Homeo(S™) [CaFrCo06], and U (¢2) [RiRo07]. I
conjecture that the profinite group [[, Alt(2") should satisfy automatic conti-
nuity. The proofs given by Saxl, Shelah, and Thomas in [SaShTh96, Th99] go
a far way in order to establish this and with a little extra work, one can make
their proofs show also the Bergman property for [], Alt(2"). However, so far I
have not been able to make it show that [], Alt(2") is Steinhaus and thus that
it satisfies automatic continuity.

Case (3) would, in conjunction with a result of Gromov and Milman [GrMi83],
imply that U(¢2) has the fixed point on metric compacta property as a discrete
group.

As can be seen from the proof of Theorem 1.1 below, certain parts of the proof
transfer directly to higher dimensional triangulable manifolds. Unfortunately,
this is not the case throughout and one naturally wonders what happens for
homeomorphism groups of higher dimensional manifolds. Geometric topology
in higher dimensions is well developed and some of the work done around the
annulus conjecture is certainly relevant here. However, the annulus conjecture
by itself is not enough and it is for this reason that we have been forced to use
ad hoc constructions based on Schonflies’ Theorem to get the exact lemmas we
need.

2. The proof

2.1. CoMMUTATORS. We shall first prove a general lemma about homeomor-
phisms of R™.

LEMMA 2.1: Suppose that g € Homeo(R"™) has compact support. Then there
are f,h € Homeo(R™) with compact support such that g = [f,h] = fhf~th~1.

Proof. Fix some open ball Uy C R™ containing the support of g and let (U,,) be
a sequence of disjoint open balls such that for some distinct o and x; in R", the
sequences (U )m>0 and (U_,,)m>0 converge in the Vietoris topology to ¢ and
21 respectively. We can now find a shift A € Homeo(R") with compact support,
i.e., such that h[U,,] = U,,41 and define f by letting f|U,,, = h™gh~™|U,, for

m > 0 and setting f = id everywhere else. We now see that

hf—lh—1|Um _ h(h7n—1g—1h—7n+1)h—1|Um _ hmg—lh—7rL|Um, for m >0
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and
hf*1h71|Um = hidh*1|U =1d|U,,, form <0,

while hf~1h~! = id everywhere else. Therefore, f - hf*h=1|U,, = id|U,, for
m >0, f-hf th=Y Uy = f|Uo = g|Uo, f-hf  h=1U,, = id|U,, for m < 0, and
fhf~th=! =id everyhere else. This shows that g = [f,h] = fhf th~L |

Notice that in the proof above we use f and h with slightly bigger sup-
port than g. This leads to the question of whether every homeomorphism that
fixes the boundary pointwise can be written as a commutator of two home-
omorphisms that also fix the boundary pointwise. Also, what happens if we
replace pointwise by setwise? Let us mention that the first question has a posi-
tive answer in dimension 1 as, for example, the group of orientation preserving
homeomorphisms of [0, 1] has a comeagre conjugacy class [KuTr00]. The above
result slightly strengthens a result of Mather [Ma71] saying that the homology
groups of the group of homeomorphisms R™ with compact support vanish. One
can of course also extend the lemma to [0, 0o[xR"~! and thus also improve the
result of Rybicki [Ry96].

2.2. COUNTABLY SYNDETIC SETS. We will now prove some properties of
countably syndetic sets in the homeomorphism groups of arbitrary manifolds.
These results will allow us to solve our problem for compact two-dimensional
manifolds and provide techniques for higher dimensions. So let M be a manifold
of dimension n and fix a compatible complete metric d on M.

In the following we fix a countably syndetic symmetric subset W C Homeo(M)
and a sequence k,, € Homeo(M) such that J,, kn, W = Homeo(M).

LEMMA 2.2: For all distinct y1,...,yp, € M and € > 0, there are € > 6 > 0
and z; € B(y;,€) such that if g € Homeo(M) has support contained in D =
P, B(z:,6), then g € W1S.

Proof. Notice that it is enough to find z; € B(y;, €) and open neighbourhoods
U; of z; such that if ¢ € Homeo(M) has support contained in |J; U;, then
g € W16 We choose some open neighbourhood of y;, E; C B(y;,¢), that is
homeomorphic to ]0,e[™. We also suppose that the sets F; are 4e-separated.
We will also temporarily transport the standard euclidian metric from ]0, e[™ to
each of the sets E;. As we will be working separately on each of E;, this will



Vol. 166, 2008 AUTOMATIC CONTINUITY 355

not cause a problem. Thus in the following, the notation B(z, ) will refer to
the balls in the transported euclidian metric, which we denote by d.

SUBLEMMA 2.3: For all u; € E; and v > 0 such that d(u;, 0E;) > 2~, there are
v >« > 0andx; € 9B(u;,y) such that if g € Homeo(M) has support contained
in A=J!_, B(z;,&)NB(u;,7), then there is an h € W? with support contained
in JY_, B(u;,) such that g|A = h|A.

Proof. Suppose that ui,...,u, is given. We fix for each i < p a sequence of
distinet points 2?, € dB(u;,7v) converging to some point z' € dB(u;,v) and
choose a sequence /2 > a,, > 0 such that B(z!,, a,,) N B(z}, ;) = 0 for any
m # [ and all i < p. Thus, as a,, — 0, we have that if g,, € Homeo(M) has
support only in

A = (E(x'}n’ Oém) N E(ula ’7)) U---u (E(xfm am) N E(upa 7))

for each m > 0, then there is a homeomorphism g € Homeo(M ), whose support
is contained in C' = B(u1,7) U ---U B(up,7), such that g|A,, = gm|Am,. We
claim that for some mgy > 0, if g € Homeo(M) has support contained in A,,,,
then there is an element h € k,,,W, with support contained in C, such that
9| Ame = h|Ap,. Assume toward a contradiction that this is not the case. Then
for every m we can find some g, € Homeo(M) with support contained in A,
such that for all h € k,,W, if supp(h) C C, then g¢,,|A; # h|A,,. But then
letting ¢ € Homeo(M) have support in C' and agree with each g,, on 4, for
each m, we see that if h € k,,W has support in C, then g disagrees with h on
A,,. Therefore, g cannot belong to any k,, W, contradicting that these cover
Homeo(M).

Suppose that mg has been chosen as above and denote acfno by xi, Am, by
A, and a,, by a. Then for any g € Homeo(M) with support contained in A,
there is an element h € W? with support contained in C such that g|A = h|A
for all i < p. To see this, it is enough to notice that we can find hg, h1 € kp W,
with supp(ho), supp(h1) C C, such that g|A = hy|A and id|A = ho|A. But then
hothy € (kmgW) koW = W™IW = W2 and g|A = idg|A = ho'hi|A. N

We will first apply Sublemma 2.3 to the situation where u; = y; and v > 0
is sufficiently small. We thus obtain v > a > 0 and x; € dB(y;,~y) such that
if g € Homeo(M) has support contained in A = (J/_; B(xi, a) N B(y;,7), then
there is an h € W2 with support contained in | J!_, B(y;, ) such that g|A = h|A.
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Now, pick y} € B(z;, @) N B(y;, ) and v > 0 such that
B(y;,27') € B(xi,a) N B(yi, ).

We now apply Lemma 2.3 once again to this new situation, in order to obtain
v > a > 0 and z; € dB(y},7') such that if ¢ € Homeo(M) has support
contained in A’ = (J!_, B(z},a/) N B(y},7'), then there is an h € W? with
support contained in (J_; (yl, v') such that g|A’ = h|A’.

Now clearly there is a homeomorphism a € Homeo(M) whose support is

contained in A = (J!_, B(w;, @) N B(yi,7) such that a[B(y},+')] = B(z}, ') and

a[B(y;,~') N B(z},a')] = B(y;,y') N B(x}, o),

and hence we can also find such an a in W?2, except that its support may now
be all of I, B(yi, 7).

We therefore have that if g € Homeo(M) has support contained in A’, then
a"'ga also has support contained in A’, and so there is an h € W? with
support contained in (J_, B(y},~') such that a~'ga|A’ = h|A’. But then
g|A" = aha™1|A’, while

p p
supp(aha~1) = alsupp(h [U Bly } - UBaLa)
=1 =1

We now notice that aha=t € W6, and thus that if g € Homeo(M ) has support
contained in A" = |J!_, B(x},a’) N B(y},7’), then there is some f € W with
support contained in (J_; (Jc o) such that g|A’ = f|A".

Finally, suppose that ¢ € Homeo(M) is any homeomorphism having sup-
port contained in (J!_, B(z}, ') N B(y},7’). Since the sets B(z}, o) N B(y},~')
are homeomorphic to R™, working separately on each of these sets and notic-
ing that ¢ has compact support, we can invoke Lemma 2.1 to write g as a
commutator [b, ¢] for some b, ¢ € Homeo(M) whose supports are contained in

P B(z},a’)N B(y,,7') C A’. Find now h € W? agreeing with b on A’ and
with support contained in (J_, B(y},7'), and, similarly, find f € W° agreeing
with ¢ on A’ and with support contained in (J!_, B(z}, /). Then the set of
common support of h and f is included in A’ on Wthh they agree with b and
c respectively, and we have therefore that [h, f] = hfh~1f~1 = beb~tc™t = g.
In other words, g € W6, We can therefore finish the proof by choosing some
zi € B(z},a’) N B(yl,~') and letting U; = B(«%}, ') N B(y}, ). n
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2.3. CIRCULAR ORDERS. In order to simplify notation, we will consider cir-
cular orders on finite sets. For z,y, z distinct points on S*,y is said to be
between x and z, in symbols B(z,y, z), if going counterclockwise around S!
from z to y one does not pass through z. A finite circular order is just a
ternary relation R on a finite set that is isomorphic to B restricted to a finite
subset of S'. When R is a circular order on a finite set F, we denote for each
zr € F its immediate successor and immediate predecessor, i.e., the first elements
encountered by going respectively counterclockwise and clockwise around F, by
xt and z7. So, e.g., (z7)” =x.

2.4. A QUANTITATIVE ANNULUS THEOREM. The proof of our result is tightly
connected with the methods of geometric topology related to the annulus the-
orem. However, the annulus theorem in itself will not suffice in our case, as
we need to do three successive operations. Firstly, we need to operate along
submanifolds with boundaries and secondly to control certain constants in each
step in order that the homeomorphisms corresponding to the operations stay
close to the identity. For the first operation, we need some quatitative estimates
in the annulus theorem, which are easily obtained by varying the standard proof
of the annulus theorem in dimension 2 based on Schoénflies’ Theorem. The only
thing that matters about quantitative estimates in that they exist. For the sake
of completeness we include a full proof.

Fix three points vo,v1,v2 € R? such that for i # j, d(v;,v;) = 1, and denote
by A the 2-cell consisting of the points lying within the triangle Avgvive. Sup-
pose also that the barycenter of A lies at the origin, so that for all A > 0, AA
and A are concentric triangles, the former with side lengths .

LEMMA 2.4: Let ¢ : (1 —2n)A — A be a homeomorphic embedding satisfying

sup d(z,¢(z)) < n/100,
ze(1-2n)A
where n < 1/1000. Then there is a homeomorphism ¢ : A — A that is the
identity outside of (1 — n)A, with sup,ca d(z,9(x)) < 100n, and such that

Po ¢|(172n)a =id.

Proof. Let 9(1—n)A be the boundary of (1 —n)A and pick a finite set of points
F containing (1 — n)vo, (1 — n)v1, (1 — n)ve and lying in 9(1 — n)A, such that
when F is equipped with the circular order obtained from going counterclockwise
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around 9(1—n)A, we have d(z, ") €]20n, 21| for all z € F. As A is equilateral,
d(x,y) > 207 for all x # y in F.

Let now C = ¢[0(1 — 2n)A\] be the image of the boundary of (1 — 2n)A, so
C' is a simple closed curve. Choose also for each z € F a point & € C such that
the distance d(z,#) is minimal. Since sup,¢j_opa d(z, ¢(x)) < /100 and

n/3 <d(x,0(1 —2n)A) < (2n)/3

for all z € 9(1 — n)A, also d(z, &) <n and d(C, (1 —n)A) > n/4.

For all « € F, denote by «a, the straight (oriented) line segment from z to &
and by 3, the straight line segment from x to . We also let v/, be the shortest
path in 9(1 — 2n)A from ¢~ 1(2) to ¢~ (z ) and put 7, = B[]

By definition of Z, a, intersects C exactly in &, intersects 9(1—n)A in exactly
z, and therefore o and v, intersect only if y = 2= or y = x. Similarly, none
of the paths 3, and v, intersect as they lie in d(1 — n)A and C respectively.
Therefore, for any & € F, C; = Qi +Yg « Oyt « Bz is a simple closed curve beginning
and ending at z. Here & denotes the reverse path of a and . the concatenation
of paths. By the Schonflies Theorem, R? \ C, has exactly two components,
one unbounded and the other U, bounded, homeomorphic with R? and with
boundary C,. Moreover, as the diameter of C, is bounded by 307, C, intersects
d(1 — n)A in exactly f;, and the diameter of (1 — n)A\ By is 1 —n > 307,
this means that 9(1 —n)A\ 8, lies in the unbounded component. Therefore, if
R, =U, = U, UC,, we have for x#y

0 ify#atandy#a
R.NRy=qa, ify=z"
o, ify=a"
We can now define ¢ : A — A by letting v = ¢~ on ¢[(1 — 2n)A], ¥ = id

on A\ (1 —n)A, and, moreover, along the boundaries of R, construct ¢ as
follows: [a] is the straight line segment from x to ¢=1(2), ¥[v.] = 7., and

1/)[51] = 695 Then
¢[CI] = w[%-% Ot 'BI] = w[a.L] "‘l}h/x] -Q/J[Qﬁ]-w[ﬁw] = ’(/)[Oél]-’)/; -’lﬂ[o&er] 'BI

is the boundary of a region K, homeomorphic to the unit disk D? and hence,

by Alexander’s Lemma, the homeomorphism ¢ from C;, = g « Yz « @z « Oz tO

Y[ag] o vl «lag+] « B, extends to the regions that they bound, i.e., to a homeo-
morphism of R, with K. This finishes the description of ¢ and it therefore only
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remains to proof that sup, ¢ » d(z, ¥ (z)) < 100n. Since ¢ = ¢~ on ¢[(1—2n)A]
and ¥ = id on A\ (1 — n)A it is enough to consider what v does to z €
(1=mA\o[(1-2n)A] € U,cp Rz Now, ¥[R,] = K, for all z € F, and hence
it is enough to show that no points in R, and in K, are more than 1007 apart.
But diam(R,) < 30n and diam(K,) < 40n, while R, N K, # 0, which gives the
desired result. This finishes the proof. |

2.5. PATCHING ALONG A TRIANGULATION OF A COMPACT 2-MANIFOLD. As
Homeo(M) is a separable complete metric group, it is not covered by countably
many nowhere dense sets (this is the Baire category theorem) and hence W
must be dense in some non-empty open set, whereby W ='W = W? is dense
in some neighbourhood of the identity in Homeo(M). So fix some 7; > 0 such
that W?2 is dense in

(1) Vi = {g € Homeo(M) | dso(g,id) < m}.

It is a well-known fact, first proved rigorously by Tibor Radé [Ra24], that
any compact 2-manifold can be triangulated. So from now on, we assume that
M is a fixed compact 2-manifold and we pick a triangulation {T1,...,T;,} of
M with corresponding homeomorphisms y; : A — T;. By further triangulating
each T;, we can suppose that the diameter of T; is less than 7;/10 for all i.
Moreover, by first modifying the x; along each edge of A and then extending
to the interior of A by Alexander’s Lemma, we can suppose that the following
holds. If T; = x;[A] and T; = x;[4] have an edge in common, then x; and x;
agree along this edge, i.e., if x;(va) = X;(va) and x;(vs) = x;(vg), then for all
t € [0,1], xi(tve + (1 — t)vy) = x;j(tva + (1 — t)vg).

LEMMA 2.5: For all 0 < n < 1, if h € Homeo(M) has support contained in
Uit xil(1 = n)A], then h € W20,

Proof. Let y; = x;(0) and choose € > 0 such that B(y;, €) C x;[(1—n)A] for all
i < m. By Lemma 2.2, we can find some 0 < § < € and z; € B(y;, €) such that
if g € Homeo(M) has support contained in |, B(z;,0), then g € W6,

As W2 is dense in Vii» we can find an f € W2 such that for every i < m,
flxil(1 = n)A]] € B(zi,6) and thus if h is given as in the statement of the
lemma, supp(fhf~t) = flsupp(h)] € Ui~, B(zi,€) and thus g = fhf~! € W16,
whence h € W2V, |
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LEMMA 2.6: Let 6,17 > 0, n < 1/1000 be such that for i < m and z,y € A,

d(z,y) < 100n — d(x:(z), xi(y)) < 6.

Then there is an o > 0 such that for all g € V,, there is ¢ € V5 N W?° whose
support is contained in | J!", x;[(1 — n)A] and such that for all i < m,

Yog

Proof. Fix § and 7 as in the lemma. Then for any continuous ¢ : A — A such

xl(1-2na] = id.

that sup,ca d(z, ¢(x)) < 100n, we have for every i < m,
sup d(y, xi 0 ¢ o x; ' () = sup d(xi(2), xi © ¢(x)) < 4.
yeT; TEAN
Now pick some a > 0 such that for g € V,, and i < m, we have
goxi[(L=2nA] € xi[A] =T,
whereby x; ' ogox;: (1 —2n)A — A, and such that
sup  d(z,x; ogoxi(x)) < n/100.
ze(1-2n)A
By Lemma 2.4 we can find some homeomorphism ; : A — A that is the

identity outside of (1 —7)A, that satisfies the estimate sup,ca d(z,¢;(x)) <
1007, and
Yi o X; " 090 Xil(1—2n)a = id.

This implies that for each i < m, x; o ; o Xi_l : T; — T; is a homeomorphism
that is the identity outside of x;[(1 — 1)A], sup,er, d(z, xi o ;0 x; ' (z)) < 4,
and

Xi © %5 0 X; 0 glys[(1—2m)a) = id.
We can thus define ¢ = [J!, xiot;0 X;I € Homeo(M) and notice that ¢ € Vj
and v o gly,(1-2nma) = id for every i < m. We see that ¢ has its support
contained within the set |J;; x;[(1 — 7)A] and thus, by Lemma 2.5, ¢ belongs
to W29, |

Fix some 0 < 7 < 1/100. We now define the following set of points in
A (see figure 1): For distinct ¢,7 = 0,1,2, we put w;; = (1 — 107)v; + 1070,
w:; = (1-97)v; +97v;, u;; = (1—7)w;; and u;; = (1—T)w;;. So wij,w;; € 0N,
while ugj, u; € 9(1 —7)A.
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Figure 1

We also define a number of paths as follows (see figure 2):

oy is the straight line segment from wu;; to w;;.

*
Zj'
¥

7i; is the straight line segment from uj; to w;}.

(ij is the straight line segment from wu;; to u;;

Bij is the straight line segment from w;; to w

ki is the straight path from w;; to wj;.

w;j is the straight path from u;; to u;;.

&o is the shortest path in 9(1 — 7)A from ugy to ug;.
& is the shortest path in (1 — 7)A from uj, to uf,.
& is the shortest path in (1 — 7)A from uj; to ug.
o is the shortest path in A from wag to warl.

6, is the shortest path in A from wj, to wi,.

0 is the shortest path in OA from wy; to wi,.
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We thus see that
Cij = Iiij . aji s Wi Oéij
is a simple closed curve bounding a closed region R;; = R;; C A,
Cj]_ = ﬂij . K,»L'j 'ﬂji 'Vji . Cji -Wji . Cij '%j

is a simple closed curve bounding a closed region R;; = R;fi C A that contains
R;;.

U12

u1o0
w10

U1
+
wy w1 K10

Figure 2

Notice however that the preceding definitions depend on the choice of 7, which
is also the case for the following lemma.

LEMMA 2.7: If ¢ € Homeo(M) has support contained in | ;2 Up<;<j<2 Xi [R;;],
then ¢ € W20,

Proof. We notice that for distinct 1,1, x; [R:b] Nxr| ;r,b,] # () if and only if the
triangles T} and T) have the edge x;[0a0p] = X1 [UaUp| in common. Moreover,

in this case, the set x;[R,] U xr[R}, ] is homeomorphic to the unit disk D?
and is contained in an open set homeomorphic to R2.

Solet Ay, ..., Asm be an enumeration of all the closed sets x; [REJUxe[RE,]
with x;[R},] and xu/[R},,] overlapping and let U; C M be an open set containing
A;, homeomorphic to R?. We can suppose that the U; are all pairwise disjoint.
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Moreover, as the diameter of each T} is at most 77 /10, the diameter of each A;
is at most 7 /5.

The proof is now very much the same as the proof of Lemma 2.5. Let y; € A;
and choose 0 < € < 11/5 such that B(y;, e) C U; for all i < m. By Lemma 2.2,
we can find some 0 < § < € and z; € B(y;, €) such that if ¢ € Homeo(M) has
support contained in |J], B(z;,0) then g € W16,

As W2 is dense in V,,,, we can find an f € W2 such that for every i < 3m/2,
flAi] € B(2;,0) and thus if ¢ is given as in the statement of the lemma,

m

supp(fof ") = flsupp(¢)] € | Blzi€),

i=1

and thus g = fof~! € W, whence ¢ € W29, |

LEMMA 2.8: There is a v > 0 such that if g € V,, and g is the identity on
U xl(t =4,
i=1

then there is a ¢ € W20 such that ¢ o g is the identity on

Uxilt-najul) U lRyl

i=1 =1 0<i<j<2
Proof. Consider the closed set My = M\ Int(UJ;~, x;[(1 — 7)A]) and the closed
subgroup H = {g € Homeo(M) : g|ym  y;[1-r)a] = id}. Assume that 7} and
T, have an edge in common, i.e., x;(va) = X1/ (ver) and x;(vs) = X1 (vp ) for some
a,a’,b,b'. Then xi[Rap] U xv [Rarer] € Intag, i[R,) U xwr [R),]). Therefore, we
can find some v > 0, not depending on the particular choice of I,1’,a,a’, b, ¥,
such that for all such choices of I,1’,a,a’,b,b’" and g € V,, " H we have

(2) glxi[Rap] U xu [Rar]] € Int, Qa[RS,] U xir [RY])-

Fix some g € V, N H.

Assume now that x;[A] and yx[A] have an edge in common. For concreteness
we can suppose that, e.g., xi(vo) = xx(v1) and x;(v1) = xk(v2). As the cov-
ering mappings x; were supposed to agree along their edges, this implies that
xXt[Bo1] = xk[Br2], xi[ko1] = xx[r12], and xi[Bro] = xk[B21]. Also, as g € H, g is
the identity on the paths x:[Co1], xilwo1], x1[Cio]; Xk [Cr2], Xk[wi2] and xk[Ca1]-

By consequence, xi[¢o1] « xi[Y01] « Xk[T12] « X&[C12] and xilaoi] « xx[@12] are
paths from y;(up1) to xr(u12) only intersecting in their endpoints. Similarly,
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xilGo] « Xt[v10] « X& [T21] « X0 [Co1] and xi[avro] « Xk [@21] are paths from x;(u10) to
Xk (u21) only intersecting in their endpoints. This shows that

K = xa[Co1] » xu[vo1] « xk[F12) » Xk [C12] « X [12] « X1 [Fo1]

is a simple closed curve and thus, by the Schonflies Theorem, bounds a region
A homeomorphic to the unit disk D?. Similarly,

K" = xa[Gio] « xalvio] « X [Fa1] « Xu[Car] « Xnla21] « xa[@10]
is a simple closed curve and thus bounds a region A’ homeomorphic to the unit
disk D?2.
Now, as xi[ao1] « xx[@12] € xi[Ro1] U xx[Ri2], by condition 2 on g,

glxileon] « xk[@2]] € Intag, (xi[Rgy] U xk[RY))

and hence intersects x;[Co1] « Xi[V01] » X&[712) « Xk[C12] only in their common
endpoints. Thus,

L = xulCo1] « xe[v01] « Xk [T12] « xk[C12] « glxk[12]] « g[x1[@o01]]

is a simple closed curve bounding a region B homeomorphic to D?. Similarly,

L' = xilGro » xilyi0] « Xe[Fa1] « X&[Ca] + glxklazn]] « gl [@io]]
bounds a region B’ homeomorphic to D?.
We now have two decompositions of x;[Rd;] U xx[Ri5)-
(1) AU [Xl [R01] U Xk[RIQ]] U A
(2) BUglxi[Ro] U xx[Ri2]] U B'.
Here A and x;[Ro1] U xx[R12] overlap along the edge

Xit[ao1] « xk[@12],

Xi[Ro1] U xx[R12] and A’ overlap along x;[a10] « xx[@21], while AN A" = 0.
Similarly, B and g[x;[Ro1] U xx[R12]] overlap along the edge

glxilao]] « glxx[@i2]],

glxi[Ro1]Uxk[R12]] and B’ overlap along g[xi[a10]]+9[xk[@21]], while BNB’ = 0.
We can now define a homeomorphism

e = xi[Rgy] U xR — xi[Rgy] U xk[RY),

by first setting ¢ = g~ on g[xi[Ro1] U xx[R12]], and then let ¢y send B to
A, while fixing each point of x;[¢o1] » X1[v01] « X&[T12] + Xx[C1o) and be g=* on

glxi|ao1] » xx[@12]]. Similarly for B and A’
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This can be done for all pairs of x; and xj with a common edge, and we thus
produce homeomorphisms ¢y, on all of the regions, similar to x;[Rd;]Uxk R3],
that fix each point of the boundary curve

xilwio] - xt[Cr0] - xa[vo1] « Xk V1] e X [Cral « Xie[wr2] e Xk [C21] e X [Y21] « X2 [F10] X2 [C 10)-

Pasting all of these ¢, together and extending to all of M by setting ¢ = id
elsewhere, we obtain a homeomorphism ¢ € Homeo(M) whose support
is contained in U, UjcicjcaXi [R;;], while being the inverse of g on
Uit1 Uo<icjca Xi[Rij]. By Lemma 2.7, ¢ € W20, which finishes the proof. [ |

We are now ready to finish the proof of Theorem 1.1 using the preceding
sequence of lemmas.

Proof. Let y1,...,y, € M be the vertices of the triangulation and choose
for each i < p a neighbourhood U; of y; homeomorphic to R2. Find also
0 < € < n; such that B(y;,e) C U; for all i. By Lemma 2.2, there are
0 < dp < ¢, z; € B(ys,€), such that if g € Homeo(M) has support contained
in Y, B(zi,00), then g € W16, As y;,2z; € U; ~ R?, we can, as W2 is dense
in Vj,,, find some hy € W? such that ho(y;) € U/ C B(2i,00), where U/ is a
neighbourhood of z; homeomorphic to R?. Therefore, there is some gy € W6
such that goho(y;) = z;. This shows that if f € Homeo(M) has support con-
tained in U = (goho) *[U}_,], then (goho) ™" f(goho) has support contained in

P, B(z,00) and hence belongs to W, So f belongs to W>2. We notice that
U is an open set containing 1, ..., Yp.

Recall now the definition of the paths oy, 3;5, etc. and also the fact that these
paths all depend on the choice of 0 < 7 < 1. For a fixed choice of 7, we define
the following simple closed curves in A

F§ = Boz + 00+ Boy o1 « Co1 + &g » Cog » 02,
(3) FI =p10+01. 819012 G2+ & + (g - 10,

Fg = P21+ 02 Bog =020+ (20 « g « (o = 21
Moreover, we let F{J, FT, F5 be the closed regions that they enclose. We notice
that F7 converges in the Vietoris topology to {v;} when 7 — 0, and thus for

some 7 > 0, we have for all i = 0,1,2 and [ =1,...,m, x;[F7] CU. So fix this
7 and denote F by F;. We notice that

0<i<j<2 i=0,1,2
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By consequence, if f € Homeo(M) is the identity on

U xlt-nalul) U alRy),

=1 0<i<j<2

then f has support contained in (J;~, Uizo.12 Xi[Fi] C U, and hence f € wo2,

Find now a v > 0 as in the statement of Lemma 2.8. Then if g € V,, and ¢
is the identity on (J]*, x;[(1 — 7)A], then there is a ¢ € W?" such that ¢ o g is
the identity on

m

Uxila-nalul) U xRy,

i=1 1=1 0<i<j<2
and hence belongs to W52, But then also g € W72,
Fix § < v/2 and find an n > 0 satisfying n < 1/1000, n < v/2, and such that
for i <m and z,y € A,

d(z,y) < 100n — d(xi(z), xi(y)) < 0.
By Lemma 2.6, we can find an 0 < a < v/2 such that for all h € V, there is
1 € Vs N W20 such that for all i < m,
Yo hlya-2na) = id.

In particular, 1o he VsV, CVsyo CV, and is the identity on [J;*, xi[(1 — 7)A],
whereby ¢ o h € W7 and h € W9. This shows that V,, € W92 and thus
W92 contains an open neighbourhood of the identity in Homeo(M), and hence

we have proved that Homeo(M) is Steinhaus, which finishes the proof of The-
orem 1.1. |
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